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1. Introduction 



For a positive integer N and an even positive integer k, let Sk{N) be the space 
of all cuspforms of weight k with respect to the congruence subgroup 

ro(N) = {(* c b d )eSL 2 (Z)\ceNZ} 

of level N, and S%(N) the subspace of Sk{N) consisting of all newforms (cf. [3j 
Definition 5.6.1]). For a positive integer /, we denote by T(Z) the Z-th Hecke operator 
on Sk(N). The first purpose of this paper is to write down on tr(T(/)| 5 o( A ,- ) ), for 
square-free I and general N: 

Theorem 1. If I > 1 is square-free and (l,N//l) = 1, then we have 

tr(T(Z)U (JV) ) = - £ a tJ>k h ti iA til (N) + S ki2 fJi( N ) U ( 1 +P)- 

tGT(i) p£V{l//N) 

Here mjjn — m/(m,n), P(n) is the set of all prime divisors of n, fi the Mobius 
function, 

f 1 ifx = y, 
I ifxj^y, 



and T(l) = T_(Z) U T n (Z) with 



T_(Z) = {Z € Z\t 2 -41 < 0}, 

T n (Z) = {t e Z\t 2 ~ 41 is square}. 

For each t € T_(Z) {resp. Trj(Z)), we jraZ 

£fc-i_„fc-i / min{f fc-1 ,»7 fe_:1 } 
at,j,fc = t resp. 



C-?? V 2|C-r?| 

wiZ/i C, Zwo rooZs o/ X 2 — tX + 1 = 0, 

, h(t 2 -4l) 

Zh,; = , (resp. 1). 

the number of units in Q(vZ 2 — 4Z) 

i*br ZZie definition of At,;, see 

Thcorcm[T]has been conjectured by Kazuhide Kubo [5], for N square-free, prime 
to 6, and l\N. We note that if (I, N//1) ^ 1 then tr(T(Z)| s o (JV) ) = (cf. Theorem 
4.6.17(3)]). Theorem [1] is derived from the Atkin-Lehner theory (cf [1] or [3j §5]) 
and the Eichler-Selberg trace formula ([El Theorem 6.8.4] or 4 ) on T(i)|s ft nv). 
Some explicit calculations on Atj is performed in §5 and we write down concrete 
examples of Theorem [1] for some I and N < 42 in §6. 
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For / 6 S%(N), we denote a n (f) the n-th Fourier coefficient of /. We say / is 
primitive if f\T(l) — a/(/)/ for all positive integers I, and put Vk{N) the set of 
all primitive forms in S®(N). We put x = \ — 1 throughout this paper. With 
N x = Yl Pi we define for each positive divisor i of N x , 

p£F(N),p 2 »;N 

V k (N; i) = {/ G Vk(N) | p G P(») a p (/) = -p", p G P(^) =j. a p (/) = p"}, 

5 fc (iV;*)= C/. 

Then we see 7>fc(iV) = U^x-p^iV; i) (cf. Miyake[6, Theorem 4.6.17]), thus 

S£(A0= C/= © S°(N ;i ), 
fev k (N) i\N* 

and S®(N; i) is a Hecke submodule of S®(N) since so is Cf. We obtain 
Theorem 2. Ifi\N x and (l,N x ) — 1, then we have 

tr ( T Wkw)) = OTT E (M)/*-*tr(T(M)U (iV) ) 

where o~(n) is the number of all divisors of n and (h,i) = (— l)#™W nIP W). 

Theorem [5] has been conjectured also by Kubo [5J, for AT square- free, prime to 6 
and 1 = 1. We give a proof of Theorem [5] in §7. Remark that 

/ G P fc (iV; i), f G Gal(Q/Q) =^ f v G P fe (iV; i) 

where /" = E ^Mf))<t (q = e 2 ^^" 2 ), since /" G Pa(JV) and 2/(±p*) = ±p x . 

In section 8, as an application of Theorem [T] and [2j we calculate dim(6>"(7V; i)) for 
N < 42. By virtue of our trace formulas, the Fourier coefficients of each primitive 
form may be calculated, in particular, we decide some primitive forms in terms of 
some Eisenstein series for N = 14, in the last section. 

2. Dimension of S%(N) 

For reader's convenience, we review basic facts on arithmetic functions and show 
Martin's formula (cf Theorem 1]). 

For each /, g : N — > Q we define the convolution product / * g : N — > Q by 

(/*<?)(*) = E/(fM<2)- 

d\x 

Then we see the set of all functions N — > Q is a ring under this product with 5 = 6,^ 
unit element. We put 1 (x) = 1, then we see 1 * fi = S. We define 



/[/](*) = 



f{x) if(x,l) = l, 
if(x,l)^l, 



then we see /[Z] *g[l] = (/*<?)[/]• We say that / : N — > Q is multiplicative if /(l) = 1 
and 

(m,n) = 1=*> /(ran) = f(m)f(n). 

We see that <5, i , /i are multiplicative, and if /, 5 is multiplicative then so are / * g, 
f[l}. In particular, fj, * fj,[l] is also multiplicative. 
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Lemma 3. For each n > 1 and prime number p, we see 

-2 ifn = l, 



(/i*/i)(p n ) 



if n = 2, 

if n > 3, 



in addition if p\l then 



( m *mM)(p") = -<W. 

For each integer d, we denote by Kd the multiplicative function such that 

f C#) — 1 ifn=l, 



-(f) ifn = 2,pfd, 



1 




if n = 2, 
if n = 3, 
otherwise 



for each prime number p, where (-) is the Kronecker symbol. 

For each / £ Sk(N) and h G N, we define f (h) {z) = f{hz). Then, we see 

s k (N) = e e s k (M)^ 

M\Nh\% 

by the Atkin-Lehner theory, and thus 

dimS k (x) -EE dim Sg(M) = (1*1* dimS° k )(x), 

M\x h \§ 

i.e., dim 5° = /i * fi* dim^. On the other hand, we have 

dimSfc = ^-£ d + i(-l)*6a - 1(^)^3 - §£oo + 4,2 1, 

where £d,£2,£3 are the multiplicative functions satisfying 

e A {p n )=p n +p n -\ 
e 2 (2 n )=8 nA , e 2 {p n ) = l + {f)iip^2, 
s 3 (T) = S nA , £3 (p n ) = l + (f) ifp^3, 

£oo(p n ) =P l % ] +P [ ^ ] 
for each n > 1 and prime p (cf. [3j Theorem 3.5.1]). We note £2(p n ) = 1 + (^p) if 
2. It follows from Lemma [3] that 



dimS£ = -^.^ * * £ d + |(-l)5if_ 4 - ±(\±)if- 3 - * M * £c 



(/i*M*£d)(p") = { P 2 ~P- 1 



if n = 1 , 
if n = 2, 





(/i*M*£oo)(p") = 



if n is odd, 
if n = 2, 
(p — l) 2 if n is even, > 4. 



4 



SUDA TOMOHIKO 



Example 4. For each N < 42, we write down the following formulas: 

dim ,S fe (l) = £(*-!)+ - |(4=1) - I + 4,2, 

dimS fc °(2) = £(* - 1) - ±(-1)4 + |( V) - fc,2. 
dimS fc °(3) = i(fc - 1) - I(-l)* + |(4=1) - 4,2, 
dimS°(4) = ^(fc-l)-i(-l)4- 1(4=1), 
di m< S fe °(5) = l(fc-l) + |(4=i) -5 fei2 , 
dimS°(6) = \{k 1) + i(-l)l - |(4=i) + 4 2 , 
dim^(7) = i(fc-l)-l(-l)#-4,2, 
dimS°(8) = ±(fc-l) + i(-l)4, 
dimSg(9) = A (A! _ i) + !(-!)# + 1(4=1) _ 1, 
dimS fe °(10) = i(fc - 1) - |(4=i) + 5 fcj2) 
dimS£(ll) = §(fc 1) - §(-1)4 + |(4=i) - 4, 2 , 
dimS fe °(12) = i(fc - 1) + ±(-1)4 + 1(4^1), 
dimS£(13) = (fc- 1) -4,2, 
dim$£(14) = \{k - 1) + ±(-1)4 + 4,2, 
dimS fe °(15) = §(fc - 1) - |(4=i) + 4 i2 , 
dim<S£(16) = | - 1, 
dimS fe °(17) = §(fc - 1) + |(4=i) - 4 i2 , 

dimSg(18) = U k ~ 1) - - §(¥)> 

dimS°(19) = §(fc - 1) - ±(-1)4 - 4,2, 
dim.S£(20) = ±(fc-l) + §(4=±), 

dimSg(21) = (fc - 1) + (-1)* + 4,2, 

dimS fe °(22) = §(fc 1) + ±(-1)4 - |(4=i) + 4 >2 , 

dimS fe °(23) = ±±(fc - 1) - i(-l)* - §( V) - <**,2. 

di m< S£(24) = ±(fc-l)-±(-l)*, 

dimS fe °(25) = if (fc - 1) - ±(-1)4 - |(*=i) - |, 

dim^(26) = (fc-l) + 4,2, 

dimS fc °(27) = f(fc-l)-f(*fi), 

dim.S fe (28) = l(fc-l) + l(-l)4, 

dimS fe °(29) = f(fc-l) + §(*=i) -4,2, 

dimS£(30) = §(fc - 1) + |(*=i) - 4,2, 

dimS£(31) = §(fc - 1) - ±(-1)4 - 4, 2 , 

dimS£(32) = fc - 1, 
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dimS£(33) = |(fc - 1) + (-1)4 - + 4,2, 

dimS°(34) = ±(k - 1) - |(^i) + 4,2, 

dim<S£(35) = 2(fc-l)+4,2 J 

dimS£(36) = JL( A _ i) _ !(-!)# + |(*=1), 

dimS£(37) = 3(fc - 1) - 4,2, 

dim5°(38) = |(fe - 1) + + 4,2, 

dimSg(39) = 2(fc-l) + J fc ,2, 
dim <S£(40) = k - 1, 

chmS°(41)=f(fc-l) + f(^i)-4,2, 
dimS°(42) = (fc - 1) - (-l)* - 4,2. 

3. Relation lemma 
We define the l-th Hecke operator T/v(Z) on Sk(N) by 

/|T w (0 = ? fe - 1 E E <*"*/(($* + &)/<*) 

d|Z, (l/d,N) = l 6=0 

(cf. [8j 4.5.26]). First, the following relations of Hecke operators on different levels 
are easily shown(cf. [31 in the proof of Proposition 5.6.2]): 

Lemma 5. Suppose that f £ Sk(N). 

(a) Ifp,q are prime numbers with p ^ q, then we see 

f\T P N(q) = f\T N (q), 
f {p) \T p N(q) = (mN(q)) {p) . 

(b) If p is a prime number with (p, N) = 1, then we see 

f (p) \T pN (p) = f- 
For a divisor M of N and / £ Vk{M), we put 

V(f,N)= C-/W. 

oo 

Lemma 6. Suppose M\N and f — E o- n q n £ Vh{M). If I is square-free, then we 

71=1 

have 

tr(T N (l)\ mN) ) = (l*l[l})(£)a l . 
Proof. For Zi|-tj, we show 

/C l )|T JV (0=a ;A / ( ' i//i) . 

by induction on #P(Z). First, if #P(Z) = 0, that is Z = 1, then we get the assertion 
since Tjv(1) is the identity operator and oi = 1. Next, suppose the assertion is true 
for Z and take a prime p \ Z, then we see 



/ |Tjv(p) — | y(/i/p) ifp |, 
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by Lemma [SI thus 

f (h) \T N (lp) = a l/h fW>\T N (p) = a lp/h f<M l *\ 
Now, taking a basis {f W } h \% of V(f> N )> 

wc sec 

tr(Tjv(Olv(/,JV)) = E $h,h//iai//h = E A l ]( h ) a U 

n \TT I M 

thus we get the assertion. □ 
Lemma 7. If I is square-free, then we have 

tT k,l = V*fi[l\*tr k)l , 

where we define the function tik,i by x i— > tr(T(Z)|5 fe ( a ,)) and tr^ ; by x i— > tr(T(i)|^-oj a: j). 
Proof. By the above Lemma and the Atkin-Lehner theory, we have 
tr fc ,i(ic) =2 E tr ( T A r (0lv(/,Af)) 

M|x/6-P fc (M) 

= Z(l*m)(§MTM(l)\ S °(M)) 
M\x 

□ 

4. Proof of Theorem [T] 



For each t £ T(7), we put d(t,l) the discriminant of Q(\/i 2 — 4/) and m(t,l) 
• With <i = /) and m = m(i, £), for each </>|m, we define 



and the multiplicative function Cj,/ ^ by 

cuAp n )= E i P (0+ E ip(*-0 

for each n > 1 and prime p, where ip — *jr, lp is the trivial character mod p and 
SI = {£ e Z p | £ 2 - i£ + l = mod ^Vz p }, 

fi' = {£ € Z p | £ 2 - t£ + l = mod ^V + %} if p|<#, = otherwise. 

We note that if t £ T D (l) then d = 1 and 6 M , = #(Z/0Z) x . 

Suppose that / > 1 is square-free and define the multiplicative function loi by 

\l if p^P(l). 
The Eichler-Selberg trace formula says 

trfc,z = - E a t.i,kh t ,i E bt,i,4,c t ,i,</, + Sk,2 II 
teT(Z) 0|to(*,;) psp(/) 

Now, we define 

A t,( = E & M,</>(m * fj,[l] * Ct M ), 
(f>\m(t,l) 
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then wc have 



teT(i) peP(0 



and 



(/i*A*W*wi)(p) = -i^ ifpeP(0, 
(M*/iW*wO(P n ) = -*n,i ifp^P(0- 
If (/, iV/Z) = 1, then we obtain 

tv° k<l (N) = - £ o t) ,, k ^,iA t ,,(J\0 + 5fc,2M^0 II 

tGT(i) p&P{l//N) 

5. Calculations on A 
Proposition 8. Suppose that I > 1 is square-free, (I, N//V) = 1 and (I, N) j i. T/iew 

A y (iV)=0. 

Proof. We see that there exists a prime number p such that p\(l, N) and p \ t. We 
note p 2 | TV since (I, N//1) = 1. We show for each I), (/i * /it[Z] * <h,i = 0. 

Indeed, we see p \ (t 2 — 41) and 

ft = U G Z p | £ 2 - i£ = mod pZ p } = {£_ e Z p | £ = 0, t mod pZ p }, 

ft' = 0, hence Ct,i,$(p) — 1 P (0) + l p (i) = 1. We get the assertion by Lemma[3l □ 

Proposition 9. Suppose that I > 1 is square-free and (l,N)\t. Put d = d(t,l) and 
to = m(t,l). Ifm = l) then we have 

A t>l (N) = K d (N). 

If m is prime, then putting v m {N) = max{n | N £ m n 1i} we have 

■ m+ l-(A) 

(-)-i 

to 2 - 2m - 1 + (-4-) 

( m -(£))( m - !)((£)-!) ifv m (N) = 
A t ,t(N) = K d (Nm-^) x { -(m - (£))m(£) 

1 — m 2 
m(l — to) 

TO 2 

Proof. For each p|(Z, AT) and 4>\m, we see Ct,i,<f>{p) = since 
ft C {£ G Z p | £ 2 = mod pZ p } = p1 p , 
ft' C {£ G Z p | £ 2 - + Z = mod p 2 Z p } = 0, 
and thus (//*/i[Z] *Ct,l t ^>){p) = —1 by LemmaO Therefore, the first assertion follows 
from Lemma [10] below and 

A t ,; = (I* fl[l] * C t ,i.i- 
The second one also follows from Lemmas [TU1 HH below and 

A t ,/ = n * n[l] * c t ,/,i + (m - (^))m* mW * c t ,;,m- 



= 


0, 


z/tV„(A0 = 


1, 


i/v ro (AT) = 


2, 


ifv m (N) = 


3, to f eZ, 


ifv m (N) = 


4, to \ d, 


ifv m (N) = 


3, m|cZ, 


ifv m (N) = 


4, m|d, 


ifv m (N) = 


5, m|d, 


otherwise. 
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□ 



In Lemmas ITD1 and [Til assume that I > 1 is square- free, t £ T(7), n > 1, and p is 
a prime number, and put d = d(t, I) and m — m(t, I). We note d = 0, 1 mod 4 and 
t 2 - 42 = dm 2 . 

Lemma 10. Ifp\ Ira, then for each <j)\m, we have 

( f ,* f i[l}*c tM )(p n ) = K d (p n ). 

Proof. We show 

[d„,i iip\d, 

then we get the assertion by Lemma [3] First, suppose p\d. If p ^ 2, then we see 

ct,i,*(p n ) = #({£ EZpKMN^ modp"}/p") = i + (-)• 
If p = 2, then we see d = dm 2 = i 2 — 4 = 5 mod 8 and 

c*,a(2) = #U G Z 2 | e 2 - £ + 1 = mod 2}/2) - - 1 + (f ). 
We easily see q. z,i(2") = for n > 2. Next, suppose p|d. If p 7^ 2, then we see 
Ct.lAp) = #({£ G Z p I (£ - |) 2 = mod p}/p) 

+ #(U G Z p I (£ - I) 2 = ^ mod p 2 }/p) 
= 1 + 0, 

and ct ){ ,i(p n ) = for n > 2. If p = 2, then we see 2\t, 4 = 2, 3 mod 4 and 



ct,,,i(2) = #({£ £ Z 2 I f + 1 e mod 2}/2) 

t\2 — dm 
2^ — 4 



#({£ G Z 2 | (£ - |) 2 = *^ mod 4 }/2) 



= 1 + 0, 
and c t ,;,i(2 n ) = for n > 2. 

Lemma 11. I/m is prime and m\l, then we have 

(M*MW*c t , w )(m") = X d (m") ! 

and 

'0 ifn=l, 
m-2+(£) tf» = 2, 

(m -!)((-£) -1) tfn = 3, m|d, 



□ 



(/i * * c t) i, TO )(m n ) = < 



—to 
1 — m 
m 




if n = 4, to f d, 
«/ n = 3, m|d, 
«/ n = 4, m|d, 
if n = 5, m\d, 
otherwise. 



Proof. The case to = 2: We note 2|t. If 2 { d, then we see 4|i, 

cu,i(2") = #({£ eZ 2 |(e-|) 2 = d mod 2»+ 2 }/2»+ 1 ) = 1 + (f ), 
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and 

c M , 2 (2") = #({£ G Z 2 I (£ - |) 2 = d mod 2"}/2 n ) 

+ #(U G Z 2 | (£ - |) 2 = d mod 2" +1 }/2") 

{2 if n = 1, 

3 + (|) ifn = 2, 
3(1+ (I)) ifn>3. 

If 2|d, then we see 4 f i, f = 2, 3 mod 4, 

c t)J ,i(2 n ) - #({£ G Z 2 I (£ - |) 2 = d mod 2"+ 2 }/2" +1 ) 

+ #(U eZ 2 |(£-§) 2 = d mod 2 n+3 }/2" +1 ) 



— Sn.li 



and 



cu,2(2 n ) = #({£ G Z 2 | (£ - |) 2 = d mod 2"}/2") 

+ #({£ G Z 2 | (£ - |) 2 = d mod 2" +1 }/2") 

'2 if ri = 1,3, 
= < 3 if n = 2, 
if n > 4. 

V — 

The case m ^ 2: If m f d, then we see 

c M ,i(m") = #({£ € Z m | (£ - |) 2 = ! mod m"}/m») = 1 + (f ), 

ct,i, m (m n ) = #(U G Z m I (£ - |) 2 = mod m«}/m") 

+ #({£ G Z m |(C-|) 2 = ^ mod m" +1 }/m") 

'2 if n = l, 

= <m + l + (£) ifn = 2, 

k (m + l)(l + (£)) ifn>3. 

If m\d, then we see 

ct,l,i{m n ) = #({£ G Z m |(C-|) 2 = | mod m n }/m n ) 

+ #({£ e Z ro I (e - |) 2 = I mod m" +1 }/m") 



,,, m (m n ) = #({£ G Z m I (£ 



|) 2 = ^ mod m n }/m n ) 



— 4 j / / 

#({£ € Z m I (£ - |) 2 = ^ mod m" +1 }/m») 
2 if n = 1, 




We get 



if n > 4. 
all the assertions by Lemma [3J 
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6. Examples of trace on S%(N) 

In this section, we give some concrete formulas. We first note a-t, k ,i — at,k,l, 
h- t ,i = h t ,i, A.- t ,i = A*,;, and 

h)^-(-qv (-ir-(-ir _ 
atM,fe ~ (-i)i-(-i)^ = i-(-i) " ( "° ' 

Lemma 12. If I is prime, then we have !□(/) = {±(1 + I)}, m(l + 1,0 = 1 — 1 

and ai + \ t i t k = 2 (i-i) ■ 

Proof. If t 2 - 41 = to 2 , then we see (t + m)(t - to) = 41, thus t = 1 + 1, m = I -1 
andX 2 -tX + 1 = (X-l){X-l). □ 

Proposition 13. If(2,N//2) = 1 i.e. 4\N, then we get 

tr(T(2)| 5 o (JV) ) = -\(-2)"{K- 2 {N) + A k K_ 4 (N)) - a ia . k K_ 7 {N) 
- K^N) + 5 k>2t i( N ) J] (1+P). 

P 6P(2/A0 

where 

_ fl if k 0,2 mod 8, 
fe_ j-l i/ fc ee 4, 6 mod 8. 

Proof. We see T_(2) = {0,±I,±2}, h ,2 = h h2 = §, ^2,2 = \, and 

(i + ^ T ) fc - 1 -fi-^ T )' s - 1 
a2,2,fc = 



2V^T 

, fc-i 



= ^((^r-(^pr) 



We note oi, 2 ,fc = V 2 ; ^ ' ■ 

Example 14. VFe write down the following formulas: 

tr(T(2)| 5 o (1) ) = -i(-2)"(l + A fc ) - ai, 2 ,fc - 1 + 34,: 
tr(T(2)| 5 o (2) ) = i(-2)-(l + A fe )-4,2, 
tr(T(2)| 5 o (3) ) = (-2)"i4 fc + 2ai, 2 ,fc - 34,2, 
tr(T(2)| 5 o (5) ) - {-iy + 2oi, 2 ,fc - 34,2, 
tr(T(2)| 5 o (6) ) = -(-2)^ fe + 4,2, 
tr(T(2)| 5 o (7) ) = (-2)"(1 + A k ) + oi, 2 ,fc - 34,2, 
tr(T(2)| s o (9) ) = §(-2)"(l - A k ) - ai, 2 ,fc + 1, 
tr(T(2)| s o (10) ) = -(-2r + 4,2, 



□ 
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tr 


;t(2) 


50(11)) 


= {-2)*A k - 34,2, 


tr 


;t(2) 


52(13)) 

k v 1 ' 


= (-2) x + 2ai,2,fc-3J fc , 2) 


tr 


;t(2) 


52(14)) 

k v 1 


= -(-2)"(1 + A fe )+ 4,2, 


tr 


;t(2) 


ls°(15)) 

k v / 


= -4ai !2: fc + 34,2, 


tr 


;t(2) 


5°(17)) 


= 2ai, 2 ,fc — 34,2, 


tr 


;t(2) 


52(18)) 

fc v ' 


= -i(-2)-(l-A fe ), 


tr 


;t(2) 


52(19)) 

k \ / 


= (—2)"Ak + 2ai y2 ,k - 34,2, 


tr 


;t(2) 


50(21)) 


= -2(-2)^ fe -2ai ;2 ,fe + 34,2, 


tr 


;t(2) 


52(22)) 


= -(-2)"A k + 5 kt2 , 


tr 


;t(2) 


50(23)) 


= (-2)"(1 +A fc )- 34,2, 


tr 


;t(2) 


5?f25l) 


= -|(-2)"(l-i4 fc )-oi,2,fc + l, 


tr 


;t(2) 


Ls°C2fi1 ) 


= -(-2)^ + 4,2, 


tr 


;t(2) 


\S°(27)) 

1 fc V ' / ' 


= 0, 


tr 


;t(2) 


5° (29)) 


= (-2)- -34,2, 


tr 


;t(2) 


150(30)) 


= -4,2, 


tr 


;t(2) 


152(31)) 


= (-2)"(1 + A fc ) + 2oi, 2 ,fc - 3<y fc , 2 


tr 


;t(2) 


Is2(33)) 


= -2(-2)^ fe + 34, 2 , 


tr 


;t(2) 


150(34)) 


= 4,2, 


tr 


;t(2) 


150(35)) 


= -2(-2)"- 2^,2,^ + 34,2, 


tr 


;t(2) 


1-52(38)) 


= -(-2)^ fe + 4,2, 


tr 


;t(2) 


150(42)) 


= 2(-2)^ fe -4, 2 . 






= 1 i.e. 9{ AT, i/ien we get 




g(-3)"(Ao,a 


(N) + 2B k K_ 3 (N)) - ai^fctf-n 



) ..4, 3 (A r )+4.2MW n (i+p), 

P eP(3//w) 



where 



B k = 



1 i/fc = 0,2 mod 6, 
-2 !/fc = 4mod6. 



In addition, we see 



A , 3 (AO = A-_ 3 (JV2"^W) 



x < 



A 4 , 3 (AO = Ki(AT2-" 2 ( JV )) 



4 


z/« 2 (iV) = 0, 


-2 


i/ U2 (AT) = 1,2, 


-6 


i/w 2 (7V) =3, 


6 


tf«2(JV) =4, 





^«2(JV)>5, 




z/« 2 (iV) = 0, 


{r 


z/« 2 (iV) = 4, 




otherwise. 



«2,3,fe 
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Proof. We see T_(2) = {0, ±1, ±2, ±3}, h , 3 = h 3 . 3 = h h 1)3 = ^2,3 - §, and 



a 3 ,3, fc = 1 2 > ^4 2 

= (^((^El)- 1 -(^0) fe - 1 ) 
= S fc (-3) x . 



We note ai 3 & 



-11 



and a,2,3,k 



Example 16. We write down the following formulas: 



□ 



(i+V^)"' 1 - (1-7=2)' 

2y^2 



tr(T(3)| s o (1) ) 
tr(T(3)| 5 o (2) ) 
tr(T(3)| 5 o (3) ) 
tr(T(3)| 5 o (4) ) 
tr(T(3)| 5 o (5) ) 
tr(T(3)| s o (6) ) 
tr(T(3)| s o (7) ) 
tr(T(3)| 5 o (8) ) 



tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 
tr(T(3 



ls°(io)) 
Isj(ii)) 

ls°(12)) 
\s°(13)) 
\S°(14)) 
\s° k (15)) 
ls°(16)) 
\S°(17)) 
1^2(19) ) 
1 5° (20)) 
\s°(21)) 
ls°(22)) 
ls°(23)) 
lsj(24)) 
1 5° (25)) 



-±(-3)*(2 + B k ) - oi >3 ,fc - a 2 , 3 ,fc - 1 + 44,2, 
\{-2>)*{l + 2B k ) + 2a h3 ,k + a 2 , 3 ,fc - 44,2, 
i(-3)-(2 + B fe )-4, 2 , 
»(— 3)^(1 — Bk) — ai^,k + ct2,3,fe, 



f(-3)~(2 + 5 fe ) + 2a 2 , 3 , fe -44,2, 



-i(-3)^(l + 2B fe ) + 4, 2 , 
2ai,3,/s + 2a 2 , 3i fc - 44,2, 

(-3)" - 02,3,fc, 

= -§(-3)~(l + 25 fe ) - 2a 2i3 , fe + 44, 2 , 
= |(-3)-(2 + B fc ) + a 1 , 3 , fc +44,2, 

= -§(-3)~(l-I? fc ), 
= 2ai j3 ,fc + 2a 2! 3 ; fe — 44,2, 
= -4ai,3,fc - 2a 2 ^ 3ife + 44,2, 
= -f(-3)-(2 + B fe ) + 4,2, 
= -(-3)* + l, 

= §(-3)"(2 + Bfc) + 2ai, 3l fc -44,2, 

= 2ai i3 , fe - 44,2, 

= -f(-3)"(l-Sfc)-2a2,3,fc, 

= 4,2, 

= -§(-3)~(l + 2B fc ) - 2oi, 3 ,fc + 44,2, 
= |(-3)-(2 + S fc ) + 2a 2 , 3 , fc -44,2, 

= -5(-3)"(2 + B k ) + oi l3 ,fc - a 2 , 3) fc + 1, 
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tr(T(3) 


ls°(26)) 


= -4ai, 3j A; - 2a 2 , 3 ,fe + 44,2, 


tr(T(3) 


5£(28)) 


= 201,3, fc — 2a 2j 3,fe, 


tr(T(3) 


5° (29)) 


= §(-3)^(2 + B k ) + 2ai, 3lfe + 2a, 2 , 3 , fe - 


tr(T(3) 


S°(30)) 


= §(-3)"(l + 2B fc )-*fc,2, 


tr(T(3) 


ls°(31)) 


= 2a 2 ,3,fc - 44,2, 


tr(T(3) 


5^(32)) 


= 0, 


tr(T(3) 


ls«(33)) 


= -§(-3)*(2 + B k ) + d k , 2 , 


tr(T(3) 


ls°(34)) 


= -§(-3)*(l + 2B k ) - 4a 1)3 , fe + 44, 2 , 


tr(T(3) 


5» (35)) 


= -4a 2)3l fe + 44, 2 , 


tr(T(3) 


l<S£(39)) 


= 4,2; 


tr(T(3) 


S°(42)) 


= -4,2- 



Lemma 17. If I > 1 is square-free and (l,t) > I, then we have t £ Trj(Z). 

Proof. If (l,t) > 2, then there exists p G P((Z,i))\{2} and t 2 - 41 is not square 
since v p (t 2 — 41) = 1. If (Z, t) = 2, then we see Z = 2 mod 4 and t 2 — 41 is not square 
since (|) 2 — I = — 2 or — 1 mod 4. □ 

Proposition 18. If I > 1 is square-free, (l,N//l) = 1 and (l,N) > 2vZ, then we 
have 

tr(T(0| s o (JV) ) = -Mr0(_/)-A 0>i (iV) + 4 > 2MW II 

per(i//N) 

Proof. By Theorem [2 Proposition [8] and Lemma [ITl we see 

tr(T(Z)| s o (A0 ) = -h . l (-irA Q , l (N)+6 k MN) U (1+p)- 

We note Z > 5 since l>(l,N)> 2\fl, thus h ,i = ^r^- □ 

Example 19. For eac/i Z, ZV < 42 satisfying the conditions of the above Proposition, 
we write down the following formulas: 

tr(T(5)| s o (5) ) = (-5)" - 4,2, 
tr(T(5)| s a (10) )=-(-5r + 4,2, 

tr ( T (5)l<S°(15)) = 4,2, 

tr(T(5)| s o (20) ) = -(-5r, 
tr ( T (5)ls°(30)) = -4,2, 

tr ( T (5)ls£(35)) = 4,2, 

tr(T(5)| s o (40) ) = (-5)^, 
tr(T(6)| s o (6) )=-(-6r + 4,2, 

tr ( T (6)| 5 «(30)) = -4,2, 
tr ( T (6)| 5 «(42)) = -4,2, 
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tr(T(7)| 5 o (7) ) = 


{-IT- 


4,2, 


tr (T(7)| 5 o (14) ) = 


4,2, 






-2{-iy 


+ 4,2, 


u± V x V 1 / 1 5^ (28) / 


0, 




tr(T(7)| 5 o (35) ) = 


-2(-7)* 


+ 4,2, 


tr(T(7)| 5 o (42) ) = 


-4,2, 




"I 1 * 1 ") I6j;(i0) / 


= -(-10)^ + 4,2, 


tr(T(10)| 5 o (30) ) = 


: 2(-10)" 


- 4,2, 


ul v \^ x ) 15^(11) / 




- 4,2, 


tr(T(ll)| s o (22) ) = 


= -(-11)- + 4,2, 


tr(T(ll)| 5 o (33) ) = 


: 4,2, 




tr(T(13)| s o (13) ) = 


(-13)*- 


4,2, 


tr ( T ( 1 3)l52(26)) = 


-(-13)* 


+ 4,2, 


tr(T(13)| s o (39) ) = 


-2(-13) 


* + 4,2 


tr(T(14)| 5 o (14) ) = 


-2(-14) 


* + 4,2 


tr(T(14)| 5 o (42) ) = 


-4,2, 




t r ( T (!5)|5°(15)) = 


-2(-15) 


* + 4,2 


tr(T(15)| 5 o (30) ) = 


— 4,2, 




tr(T(17)| 5 o (17) ) = 


2(-17) x 


- 4,2, , 


tr(T(17)| 5 o (34) ) = 


-2(-17) 


* + 4,2 




= 2(-19)* 


- 4,2, 


tr(T(19)| 5 o (38) ) = 


= -(-19)- + 4,2, 


tr(T(21)|co/ 91 -,) = 


-2(-21) 


* + 4,2 


V V / \<J k ^4Z ) J 


2(-21)- 


- 4,2, 


tr(T(22)| s o (11) ) = 


(-22)* - 


34,2, 


tr(T(22)| 5 o (22) ) = 


-(-22)- 


+ 4,2, 


tr(T(22)| 5 o (33) ) = 


-2(-22)* 


' + 34,2 


tr(T(23)| 5 o (23) ) = 


= 3(-23) x 


- 4,2, 


tr(T(26)| 5 o (13) ) = 


3(-26)- 


- 34,2, 


tr(T(26)| 5 o (26) ) = 


-3(-26) 


* + 4,2 


tr(T(26)| s o (39) ) = 


-4,2, 




tr(T(29)| 5 o (29) ) = 


= 3(-29)- 


- 4,2, 
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tr(T(30)| s o (ls) ) = 


-2(-30)* - 


+ 34,2 


tr(T(30)| s o (30) ) = 


2(-30)"- 


4,2, 


tr(T(31)| s o (31) ) = 


= 3(-31)^ - 


- 4,2, 


tr(T(33)| s o (33) ) = 


- -2(-33) 


+ 4,2- 


tr(T(34)| s o (17) ) = 


: 2(-34) >c - 


34,2, 


tr(T(34)| 5 o (34) ) = 


■ -2(— 34) 


+ 4,2, 


tr(T(35)| s o (35) ) = 


: -4(-35)** 


+ 4,2, 


tr U ( 6 <)\S°(37) ) 


— {— 61) - 


- 4,2- 


tr(T(38)| 5 o (19) ) = 


= 3(-38) - 


- 34,2, 


tr(T(38)| s o (38) ) = 


■■ — 3(— 38) 


+ 4,2, 


tr(T(39)| s o (13) ) = 


: 4(-39) >c - 


44,2, 


tr(T(39)| 5 o (26) ) = 


: 44,2, 




tr(T(39)| s o (39) ) = 


: -4(-39) J£ 


+ 4,2- 


tr(T(41)| s o (41) ) = 


= 4(-41) 3< - 


- 4,2, 


tr(T(42)| 5 o (14) ) = 


-2(-42)"- 


+ 44,2 


tr(T(42)| s o {21) ) = 


-2(-42) >c - 


+ 34,2 


tr(T(42)| s o (42) ) = 


2(-42) >f - 


4,2, 



7. PROOF OF THEOREM [2] 



We put N(iV x ) the set of all divisors of iV x . For h,i £ N(N X ), we define 

hAi= J] P- 

p<£f(h//i)UV(i//h) 

Then N(N X ) becomes a group isomorphic to (Z/2Z) cr ( ArX ) and becomes a 

homomorphism N(N X ) — > {±1}, i.e. 

(h,i)(h',i) = (hAti,i). 

Let (l,N x ) = 1. The orthogonal relation of characters induces 

( 7(iV x )tr(T(0| s o ( ^. i) )= £ ( £ (MAj))tr(T(0| s o (JV;j -)) 
= E <M) E (ft.j)tr(T(Olsj(^))- 

Here, we see 

(h, j)tv(T(l)\ s o (N;j) ) = E *i{f){hj) 

= e *(/) n ^ 

fev k (N-,j) peP(ft) 
= hr* tr(T(M)| s o (Jv . i} ), 

and thus 

( r(7V x )tr(T(/)| 5 o (Ar:4) )= £ (/i,t)/i-*tr(T(W)| s o w ). 
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8. Examples of dimension of S k (N;i) 
For example, if p is prime and (p, I) = 1, then we see 

dim S£(p; 1) = ±(dim,S°(p) + ^tr(T(p)| 5 o (p) )) , 
dimS° k (p;p) = ±(dim,S°(p) - ^tr(T(p)| 5 o (p) )) . 

Put 

d k (N;i) = <timS k (N;i)-v(N)6 k , 2 5i,i. 
We calculate dk(N; i) for each N < 42. 

Example 20. For prime N, we write down the following formulas: 



k 


4(2; 1) 


4(2; 2) 


2 + 24n 


1 + n 


n 


4 + 24n 


n 


n 


6 + 24n 


n 


n 


8 + 24n 


n 


1 + n 


10 + 24n 


1 + n 


n 


12 + 24n 


n 


n 


14 + 24n 


1 + n 


1 + n 


16 + 24n 


n 


1 + n 


18 + 24n 


1 + n 


n 


20 + 24n 


1 + n 


1 + n 


22 + 24n 


1 + n 


1 + n 


24 + 24n 


n 


1 + n 



k 


d fc (3;l) d fe (3;3) 


4(5; 1) 4(5; 5) 


4(H; 1) 4(11; 11) 


2 + 12n 
4+ 12n 
6 + 12n 


1 + n n 
n n 
1 + n n 


1 + 2n 2n 

2n l + 2n 
l + 2n 2n 


2 + 5n 5n 
5n 2 + 5n 

3 + 5n 1 + 5n 


8 + 12n 
10 + 12n 
12 + 12n 


n 1 + n 
1+n 1+n 
n 1 + n 


1 + 2n 2 + 2n 

2 + 2n l + 2n 
l + 2n 2 + 2n 


2 + 5n 4 + 5n 
5 + 5n 3 + 5n 

3 + 5n 5 + 5n 



k 


4(17; 1) 4(17; 17) 


4(23; 1) 4(23; 23) 


2 + 12n 
4+ 12n 
6 + 12n 


2 + 8n 8n 
1 + 8n 3 + 8n 
4 + 8n 2 + 8n 


3+lln lln 
1 + lln 4+ lln 
6 + lln 3 + lln 


8 + 12n 
10+ 12n 
12 + 12n 


4 + 8n 6 + 8n 
7 + 8n 5 + 8n 
6 + 8n 8 + 8n 


5 + lln 8 + lln 
10 + lln 7+ lln 
8 + lln 11 + lln 



k j 


4(29; 1) 4(29; 29) 


4(41; 1) 4(41; 41) 


2 + 12n 
4+ 12n 
6 + 12n 


3 + 14n 14n 
2 + 14n 5 + 14n 
7 + 14n 4 + 14n 


4 + 20n 20n 
3 + 20n 7 + 20n 
10 + 20n 6 + 20n 


8 + 12n 
10 + 12n 
12 + 12n 


7 + 14n 10 + 14n 
12 + 14n 9 + 14n 
ll + 14n 14+14n 


10 + 20n 14 + 20n 
17 + 20n 13 + 20n 
16 + 20n 20 + 20n 
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k 


4(7; 1) 4(7; 7) 


4(13; 1) 4(13; 13) 


4(19; 1) 4(19; 19) 


2 + An 


1 + n n 


1 + 2n 2n 


2 + 3n 3n 


A + An 


n 1 + n 


1 + 2n 2 + 2n 


1 + 3n 3 + 3n 



k 


4(31; 1) 4(31; 31) 


4(37; 1) 4(37; 37) 


2 + An 


3 + 5n 5n 


2 + 6n 1 + 6n 


A + An 


2 + 5n 5 + 5n 


4 + 6n 5 + 6n 



Example 21. For square-free composite N , we write down the following formulas: 



k 


4(6; 1) 


4(6; 2) 


4(6; 3) 


4(6; 6) 


2 + 24n 


-1 + n 


n 


n 


n 


4 + 24n 


n 


n 


n 


1 + n 


6 + 24n 


n 


n 


1 + n 


n 


8 + 24n 


1 + n 


n 


n 


n 


10 + 24n 


n 


1 + n 


n 


n 


12 + 24n 


1 + n 


1 + n 


n 


1 + n 


14 + 24n 


n 


n 


1 + n 


n 


16 + 24n 


1 + n 


n 


1 + n 


1 + n 


18 + 24n 


n 


1 + n 


1 + n 


1 + n 


20 + 24n 


1 + n 


1 + n 


n 


1 + n 


22 + 24n 


1 + n 


1 + n 


1 + n 


n 


24 + 24n 


2 + n 


1 + n 


1 + n 


1 + n 



k 


4(10; 1) 4(10; 2 or 3 or 5) 


2 + 12n 
4+ 12n 
6 + 12n 


— 1 + n n 
1 + n n 
n 1 + n 


8 + Yin 
10+ 12n 
12 + Yin 


1 + n n 

n 1 + n 
2+n 1+n 



k 


4(14; 1) 


4(14; 2) 


4(14; 7) 


4(14; 14) 


2 + 8n 


-1 + n 


1 + n 


n 


n 


4 + 8n 


1 + n 


n 


n 


1 + n 


6 + 8n 


n 


1 + n 


1 + n 


n 


8 + 8n 


2 + n 


n 


1 + n 


1 + n 





4(15; 1) 


4(15; 3) 


4(15; 5) 


4(15; 15) 


2 + Yin 


-1 + 2n 


1 + 2n 


2n 


2n 


4+ 12n 


1 + 2n 


2n 


2n 


1 + 2n 


6 + 12n 


2n 


2 + 2n 


1 + 2n 


1 + 2n 


8 + Yin 


2 + 2n 


2n 


1 + 2n 


1 + 2n 


10 + 12n 


1 + 2n 


2 + 2n 


2 + 2n 


1 + 2n 


12 + Yin 


3 + 2n 


1 + 2n 


2 + 2n 


2 + 2n 



k 


4(21; 1) 4(21; 3 or 21) 4(21; 7) 


2 + An 


— 1 + n n 1 + n 


A + An 


2+n 1+n n 
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7 

k 


7 /OO 1 \ 

4(22; 1) 


4(22; 2 or 22) 


4(22; 11) 


2 + 24n 


-1 + 5ra 


5n 


5n 


4 + 24n 


1 + 5n 


1 + 5ra 


5n 




1 + 5n 


1 I Km 
1 + 0)1 


/ + on 


8 + 24n 


2 + 5n 


1 + 5n 


1 + 5n 


10 + 24n 


1 + 5n 


2 + 5n 


2 + 5n 


12 + 24n 


3 + 5n 


3 + 5n 


2 + 5n 


14 + 24n 


2 + 5n 


2 + 5n 


3 + 5n 


16 + 24n 


4 + 5n 


3 + 5n 


3 + 5n 


18 + 24n 


3 + 5n 


4 + 5n 


4 + 5n 


20 + 24n 


4 + 5n 


4 + 5ra 


3 + 5n 


22 + 24n 


4 + 5n 


4 + 5n 


5 + 5n 


24 + 24n 


6 + 5n 


5 + 5n 


5 + 5n 





4(26; 1) 4(26; 2 or 13) 4(26; 26) 


2 + 4n 


— 1 + n 1 + n n 


4 + 4n 


2 + n n 1+n 



k 


4(33; 1) 4(33; 3) 4(33; 11) 4(33; 33) 


2 + 12n 
4+ 12n 
6 + 12n 


— 1 + 5n 1 + 5n 5n 5n 
2 + 5n 1 + 5n 1 + 5n 2 + 5n 
1 + 5n 3 + 5n 2 + 5n 2 + 5n 


8 + 12n 
10+ 12n 
12 + 12n 


4 + 5n 2 + 5n 3 + 5n 3 + 5n 
3 + 5n 4 + 5n 4 + 5n 3 + 5n 
6 + 5n 4 + 5n 5 + 5n 5 + 5n 





4(34; 1) 


4 (34; 2 or 34) 


4(34; 17) 


2 + 12n 


-1 + An 


An 


1 +4n 


4+ 12n 


2 + An 


1 + An 


An 


6 + 12n 


1 + An 


2 + An 


3 + 4n 


8 + 12n 


3 + An 


2 + An 


1 + An 


10 + 12n 


2 + An 


3 + An 


A + An 


12 + 12n 


5 + An 


A + An 


3 + 4n 



k 


4(35; 1) 


4(35; 5) 


4(35; 7) 


4(35; 35) 


2 + An 


-1 + 2n 


1 + 2n 


2 + 2n 


2n 


A + An 


3 + 2n 


l + 2n 


2n 


2 + 2n 




k 


4(38; 1) 


4(38; 2) 


4(38; 19) 


4(38; 38) 


2 + 8n 


-1 + 3n 


1 + 3n 


1 + 3n 


3n 


4 + 8n 


2 + 3n 


1 + 3n 


3n 


2 + 3n 


6 + 8n 


1 + 3n 


2 + 3n 


3 + 3n 


1 + 3n 


8 + 8n 


4 + 3n 


2 + 3n 


2 + 3n 


3 + 3n 




k 


4(39; 1) 


4(39; 3) 


4(39; 13) 


4(39; 39) 


2 + An 


-1 + 2n 


1 + 2n 


2 + 2n 


2n 


A + An 


3 + 2n 


l + 2n 


2n 


2 + 2n 
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k 


4(30; 1 or 10) 


4(30; 3 or 6 or 15 or 30) 


4(30; 2 or 5) 


2 + Yin 


1 + n 


n 


n 


4 + Yin 


n 


n 


1 + n 


6 + Yin 


1 + n 


n 


n 


8 + Yin 


n 


1 + n 


1 + n 


10 + Yin 


1 + n 


1 + n 


n 


12 + Yin 


n 


1 + n 


1 + n 



k 


4(42; lor 21) 4(42; 2 or 6 or 14 or 42) 4(42; 3 or 7) 


2 + 8n 
4 + 8n 


1 + n n n 
n n 1 + n 


6 + 8n 
8 + 8n 


1+n 1+n n 
n 1+n 1+n 



Example 22. For not square-free N , we write down the following formulas: 



k 


4(12; 1) 4(12:3) 


4(20; 1) 4(20; 5) 


2 + Yin 
4+12n 
6 + 12n 


n n 
1 + n n 
n n 


2n l + 2n 
l + 2n 2n 
2n l + 2n 


8 + 12n 
10 + 12n 
12 + 12n 


1+n 1+n 
n 1 + n 
1+n 1+n 


2 + 2n l + 2n 

1 + 2n 2 + 2n 

2 + 2n l + 2n 



k 


4(18; 1) 


4(18; 2) 


2 + 24n 


5n 


5n 


4 + 24n 


1 + 5n 


5n 


6 + 24n 


1 + 5n 


2 + hn 


8 + 24n 


1 + 5n 


1 + 5n 


10 + 24n 


2 + 5n 


2 + 5n 


12 + 24n 


3 + 5n 


2 + hn 


14 + 24n 


2 + 5n 


3 + 5n 


16 + 24n 


3 + 5n 


3 + 5n 


18 + 24n 


4 + 5n 


4 + 5n 


20 + 24n 


4 + 5n 


3 + 5n 


22 + 24n 


4 + 5n 


5 + 5n 


24 + 24n 


5 + 5n 


5 + 5n 



k 


4(24; 1) 4(24; 3) 


4(28; 1 or 7) 


4(40; 1) 4(40:5) 


2 + An 


n 1 + n 


n 


1 + 2n 2n 


4 + 4n 


1 + n n 


1 + n 


l + 2n 2 + 2n 



9. Some primitive forms for N = 14 

9.1. Modular forms. We recall some facts on modular forms, for the next sub- 
section. For a congruence subgroup T of SL^Z), we denote by A4k(T) the space 
of all modular forms of wight k with respect to T. We put Mk{N) — A4fc(r (iV)). 
Moreover, we define 



ri(JV) = {(;S)er (JV)|a = imod N}, 
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and for each Dirichlet character \ : (Z/7VZ) X — > C x 

M k (N, X ) = {/ G M fc (rx(iV)) | ( cz + rf)- fe /(ff^) = *(d)/ for all (« J) G r (Af)}- 
Put 

C 2 = l + 24£ (El 2 M4"eW 2 (2), 
n=i v d|n y 

F7-I + 2E (Epr(d))q n €M 1 (7, Pr ), 

n=l y d\n ' 

where 1 N : (%/NZ) x -> {1} and 1 7 7^ p 7 : (Z/7Z) X ->• {1,-1}. Sec [3, §4] or [?, 
§5.3] for details. 

We regard Aik(Ti(N)) C C[[q]] via the Fourier expansion. 

Lemma 23. We see 

M 2 (U)nC[[q}}q 4 = {0}. 

Proof. Put 

a = ±(F 7 - F 7 2) ) G Mi(U, P7 ) n C[[q]]q, 

7 - ±(F 2 7 - 2F 7 F 7 2) + C 2 7) ) g 7W 2 (14) n C[[q]]q 3 , 

where / ( ' l) (<7) = f(q h )- Since dim.M 2 (14) = 4 (cf. Theorem 3.5.1]), we see 
Ma(U) = CF7 8 CF 7 a © Ca 2 © Cf, 

and we easily get the assertion. □ 

Note that a weaker result 

M 2 (14)nC[[#z 5 = {0} 
can be obtained directly from a result of Sturm [9] and [SL 2 (Z) : To (14)] = 24. 

9.2. Primitive forms. We represent all primitive forms of weight 2,4, in terms of 
C2 and F 7 . First, put 

A=I(F 7 -F 7 2 ))(2F( 2 >-F 7 ). 

Example 24. We see 

V 2 (U;2) = {A}. 

Proof. First, we easily see 

A G M 2 (U) n(q-q 2 - 2q 3 + C[[q]}q 4 ). 

Note S 2 (14) = S 2 (14;2) and dim<S 2 (14) = 1 by Example[Hl Let P 2 (14;2) = {/}, 
then we see &i(f) = 1 and 

a 2 (/) = -2° = -1, 

a 3 (/) = tr(T(3)| &(14) ) = -2. 

Thus, we see 

/-AeM 2 (l4)nC[[ g ]] g 4 = {0} 
i.e. / = A, and get the assertion. □ 

We remark that A may be represented as a multiplicative ^-product (cf. [2]). 
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Lemma 25. For k >0, we get 

S k+2 (U) = AM k (U). 
Proof. The asseriton follows from <S>/c+ 2 (14) D A.Mfc(14) and 

dim5 fe+2 (14) = dimM k (U) = dim(AA4 fe (14)). 

□ 

Example 26. We see 

P 4 (14;l) = {iA(C 2 + 7C( 7) )}, 
■P 4 (14;14) = {iA(3F2-7F 7 F^ 2) +6F^ 2)2 )}. 
Proof. At first, we see 

5 4 (i4) n c[[ q ]}q 5 = A(M 2 (u) n c[[<z]]<z 4 ) = {0} 

by Lemma 1251 and 1231 Note that dim<S 4 (I4; 1) = 1 by Example [201 Let "P 4 (14; f) = 
{/}, then we see a 4 (/) = f , a 2 (/) = 2 and a 4 (/) = a 2 (/) 2 = 4. In addition, we see 

a 3 (/) = ±(6-10-I0 + 6) = -2 

by Theorem [2J and 

tr(T(3)| S4(14) ) = 6, 
5 tr (T(6)| 54(14) ) = -10, 
itr(T(21)| 54(14) ) = -10, 
itr(T(42)| S4(14) ) = 6. 

Thus, we get 

/ - iA(C 2 + 7C 2 7) ) e 5 4 (14) n C[[q]}q 5 = {0}. 
We get the second assertion in a similar way. □ 

For many other examples for N = 1,2, 3, 4, 6, 8, 9, see [TUj . 
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